
ChromatinModeling— supplement 1

Mathematical Model for Structure and Dynamics of Chromatin Supplementary
materialfor Structure with FoldingandDesign, ??:??–??,2000.

DanielA. BeardandTamarSchlick

Departmentof ChemistryandCourantInstituteof MathematicalSciences,New YorkUniversityandHoward
HughesMedicalInstitute,251MercerStreet,New York, New York 10012.

beard@biomath.nyu.edu, schlick@nyu.edu

An explicit formulationof theconfiguration-dependent potentialenergy functionandtheBrownianDynam-
ics (BD) algorithmusedto simulatethechromatinpolymeris detailed.For the readers’convenience,this
documentprovidesa completedescriptionof our methodology, andthussomeof thematerialis redundant
with thatfoundin theMaterialandMethodssectionof Beard& Schlick(Structure with FoldingandDesign
??:??–??,2000).

Model Geometry

Themodelstructureis illustratedin Figure1. Eachcoreparticledisk is connectedto oneor two linkerDNA
segments(seeFigure1, top panel). In Figure1, ��� denotesthepositionof thecenterof a coredisk, while������� , ���	�
� , and �����
� , denotepositionsof linker DNA beads.Theorientationof thecoredisk is specifiedby
a local coordinatesystem

��� � , � � , � ��� wheretheunit vectors
� � and � � lie in theplaneof theflat surfaceof

thedisk,and � ��� � ��� � � . Theattatchmentof thelinker DNA to thecoreparticleis illustratedin thelower
panelof Figure1. ThelinkerDNA entersthecoreparticleattheposition ����������� � ���! #"%$��&� � ��"('*)+$��-,-.0/1� � �
andexits atposition ���2�3��� � �2�3/1� � � . Thescalarparameters��� , /1� , and $�� aredeterminedby thegeometry
of thewrappedDNA supercoil.Basedon thecrystalstructure[1], we setthevaluesof theseparametersas
follows: ��� �547698 nm, /1� �;:<698 nm, $�� �>=<?#@ (seeTable1).

A localcoordinatesystem
���2A

, � A , � A � is alsoassociatedwith eachlinker beadposition, � A , andis used
to calculatethe local torsionon thelinker beads.We definethesetsBDC and BDE to be,respectively, thesetof
corebeadsandthesetof linker DNA beads.Thevectors

��� � � for FHGIBDE aredirectedin thedirectionof the
linker DNA segment:

� � � JKKKL KKKM N � �	�
� �O� �QPSR%T � �	�
� �O� �-T for F . : GUBDE� �	�
� �V� � N � �	�
� �! #"W$ � � � �	�
� "('	)X$ �!P .Y/ � � ���
� �Z� �T ���	�
�[�V��� N � �	�
�%�! #"W$��\� � �	�
�%"('	)X$�� P .Y/1� � ���
�[�Z��� T for F . : GUBDC (1)

SincethewrappedDNA doesnot make two full turnsaroundthecoredisk, theunstressedtrajectoryof� �]��� is not parallelto
� � whenthe F_^	` beadis a disk. The trajectoryof thewrappedDNA, is denoted

� ��
(seeFigure1, bottompanel),andis calculatedas

� �� � � ���! #"&$��H. � ��"('	)H$�� . Similarly, the trajectoryof
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Elements of Computational Model:
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Figure 1: Diagram of the sub-
units of our chromatin model.
The upper panel illustrates the
componentsof thecomputational
model: a core disk is located
at position ��� , and linker DNA
beadsare locatedat ������� , ���	�
� ,
and ���	�
� . The lower panelillus-
tratesthecorediskgeometry.

thewrappedDNA, asit exits thecoreis denotedby
� �� . Thelocal coordinatesystemsof thewrappedDNA

enteringandexiting thecoreparticlearegivenby:� �� � � � �! #"%$ � . � � "('	)H$ �� �� � � � �<"('	)H$��a. � ���! #"&$��� �� � � � (2)

and
��� ��+b � ��Hb � �� � � ��� � b � � b � �c� . For thecoreparticle,weintroducethevectors

���&d
eWf� b � dgeWf� b � dgeWf� � (see
Figure1), to representthelocalcoordinatesystemassociatedwith theDNA segmentconnectingthecoreat��� andthelinker vertex ���	�
� . Thecalculationof

���&d
e%f� b � d
eWf� b � dgeWf� � is outlinednext.

Euler Angles

Thebendingandtwisting termsin thepotentialenergy functionareexpressedin termsof theEulerangles
[2],

��h � bSi � bcj �k� , that transformonelocal coordinatesystemto thenext. In the following sectionswe will
make useof thefollowing setsof Eulerangles:l For F b F . : GmBDE , the angles

��h � bSi � bcj �k� transformfrom the
��� � b � � b � �k� to the

��� �	�
� b � �	�
� b � �	�
�n�
coordinatesystem.
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Table1: Elasticandgeometricparametersusedin thedinucleosomemodel.

Parameter Description Valueo � Equilibriumsegmentlength 3.0nmp
Stretchingconstant q ?�?�?sr2tauvR o ��w
Twistingrigidity constant x 6y?z�O:D? ���{� erg | nm}
~
Elasticbendingpersistencelengthof DNA 50nm$�� Angularseparationbetweenlinker segments =<? @��� Radiusof woundDNA supercoil 4.8nm� /1� Width of woundDNA supercoil 3.6nm� � b F�GUBDE Hydrodynamicradiusof linker bead(set BDE ) 1.5nm� � b F�GUB C Hydrodynamicradiusof corebead(set B C ) 5 nmr#�Q� Excludedvolumeparameter 0.001� � Core/linker excludedvolumeparameter 3.0nm� � Core/coreexcludedvolumeparameter 2.0nm���
Numericaltimestepfor dynamicssimulation 2.0ps

l For F . : G�BDC , theangles
��h � bSi � bcj ��� transformfrom the

��� � b � � b � ��� to the
��� ��	�
� b � ��	�
� b � ��	�
� � coor-

dinatesystem.l For F�G�BDC , theangles
��h �� bSi �� bcj �� � transform

��� �� b � �� b � �� � to
���&d
eWf� b � d
e%f� b � d
e%f� � ; andtheangles��h � bSi � bcj � � transform

���&d
e%f� b � d
eWf� b � d
eWf� � to
��� �	�
� b � �	�
� b � �	�
� � .

TheadditionalDNA coordinatesystemassociatedwith eachcorebead,
���&d
e%f� b � d
eWf� b � d
eWf� � , andtheasso-

ciatedEulerangles
��h �� bSi �� bcj �� � , arecalculatedbasedontheassumptionthatthecoreparticleprotein/DNA

complex remainsrigid andtwisting of theDNA that is wrappedaroundthecoredoesnot contribute to the
mechanicsof the model. Therefore

h �� � � j �� . Calculationof the vector
�&d
e%f� and the angle i �� is

straightforward: � d
e%f� � � �	�
� �V� � .Z� �D��� .Y/ �����T �n�	�
�[�V�n�%.Z��� � �&.Y/1� � � T b (3)i �� � �! #" ��� N�� �� | � d
e%f� P�6 (4)

Wecalculate
h �� from:h �� � JL M � h � � for � �� |W� N�� d
eWf� �O�! #" i �� � �� PSR "('	) i ��1��� ?� � h � � for � �� |W� N�� d
eWf� �O�! #" i �� � �� PSR "('	) i ��1��� ? , (5)

where � h �� � � �! #" ����� � �� |
� � d
eWf� �O�! #" i �� � ��"('	) i �� �+� 6 (6)

Thenweset j �� � � h �� to ensurethatno torsionis introducedinto theEulerrotation
��h ��HbSi ��vbcj �� � . Then

theEulerrotationsareappliedto
��� �� b � �� b � �� � to obtain � d
e%f� and � d
eWf� .
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Calculation of the Potential

The energy associatedwith a given polymerstructureis estimatedfrom thesumof several elasticenergy
terms,anelectrostaticpotential,andanexcludedvolumeterm[3]:� � �v� . �H� . � t . �v� . ��� 6 (7)

Thefirst threetermsrepresentelasticcontributionsfrom stretching,twisting,andbending,respectively. The
terms

� �
and

� �
areusedto modelelectrostaticandexcludedvolumeinteractions,respectively.

Stretching

Thestretchingpotential,
�v�

, is a computationaldevice, andits treatmentis optimizedwith respectto the
timestepof thedynamicssimulation[4], soasto balancerealizeddeviationsfrom thetargetlengthwith the
computationaltimestep.

� �
is writtenas:��� � p ��� ��� �	¡
� N o � � o �!P � (8)

where
o � is thelengthof thesegmentconnectingparticle F to particle F . : , calculatedas:o � � JKL KM T ���	�
�[�O���&.Y��� � �%.Y/1� � � T for F[GUBDCT ���	�
�[�V��� � ��	�
� .Y/1� � ����
� �Z��� T for F . : GUBDCT ���	�
�[�O��� T otherwise.

(9)

Weuseanequilibriumsegmentlengthof
o � � x nm,whichcorrespondsto roughly9 bppersegment.

It hasbeenshown for theBrowniandynamicssimulationof linearandcircularDNA [4] thatachoiceofp �¢:D?�?#r t u�R o �� , where r t is Boltzmann’s constantand u is theabsolutetemperature,resultsin standard
deviationsin segmentlengthof around10% of

o � . The motionsof the relatively large nucleosomebeads
in the presentmodel tend to producegreaterstretchingandcompressive forceson the linker DNA than
aretypically found in supercoiledDNA alone. This meansthat a greatervaluefor the stretchingrigidity
constantis requiredto achieve comparableaccuracy. A value of

p � q ?�?�?#r t u�R o �� resultsin segment
lengthdeviationsof lessthan2%of theequilibriumsegmentlengthandameansegmentlengthequalto the
equilibriumsegmentlengthfor timestepsof 2 ps.

Twisting

ThetorsionalrotationaboutthesegmentconnectingparticlesF and
N F . :�P is givenby thesumof theEuler

angles
h �&. j � , andthetorsionalenergy,

� �
, is calculatedfrom:� � � w� o � � ��� ��¡
� N�h �%. j � P � b (10)

where
w

is thetorsionalrigidity constant.
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Bending

Thebendingenergy,
� t , is calculatedfrom thesetof anglesdenotingthedeformationbetweenthe linker

DNA segments. � tZ�¤£��� ��� �	¡
� N i �_P � . £ �  �]¥�¦_§ N i �� P � b (11)

Thebendingconstant,£ , canbecalculatedfrom:£ � }�~ r t u�R o � b (12)

where
}�~

is thebendingpersistencelength.

Electrostatics

Representative chargesareassignedto the linker beadsaswell ason the surfaceof the coredisks. The
assignmentof chargesin themodelis basedonadiscretë -bodypotentialwhichapproximatesthesolution
to thenonlinearPoisson-Boltzmannequationin thesolventsurroundingthecoreparticle.Thisprocedureis
detailedin Beard& Schlick(2000).A singlecharge, ©nE is assignedto eachlinker bead;andasetof charges� ©<ªC � is assignedto eachcoredisk,wheretheindex r refersto the r ^	` chargeon thecoredisk. Theposition
of the r ^	` chargeon the « ^	` particleis denotedby

�n¬ A ªC � for «­GUBDC .
The charge on a linker beadis calculatedas ©nE �¯® o � , where ® is the effective linear charge density

on DNA, calculatedby fitting the tail of the Debye-Ḧuckel potentialfor an infinitely-long cylinder to the
Gouy-Chapmanpotentialin thefarzone[5]. Valuesfor ® and ° , theinverseDebyelengthfor variouslevels
of monovalentsaltconcentration,arelistedin Table2.

Table2: Electrostaticparametersfor DNA.wX±
[Molar] ® [e/nm] ° [1/nm]

0.01 � � 6²4 x 0.330
0.02 � � 69=�³ 0.467
0.03 � x 6 x = 0.572
0.04 � x 69=´: 0.660
0.05 � 476	: q 0.738

Theelectrostaticcontribution to thepotentialis calculatedasthesuperpositionof thefundamentalsolu-
tion to thelinearizedPoisson-Boltzmannequation:� � �  µ(¶<·¹¸´º�]» A ¥<¦_¼ © �E�½ �%¾D¿ · µÀ �n� A .  µ(¶�·Á¸´º�]¥�¦{¼	» A ¥�¦Q§ � �

§ ª ¡
� ©nE	©<ªC ½
�%¾D¿ ·¹Â	µ�ÃSÄÀ � �*Å A ªnÆ � .  µS¶�·Á¸7º�]» A ¥<¦Q§ � �

§ ª ¡
� �
§  E ¡
� ©<ªC © EC ½ �%¾D¿ ÂQ·¹ÃcÄkÂ	µ ¼ ÄÀ � Åk� ªnÆ Å A E Æ � b (13)

where ° denotesthe inverseDebyelength (salt-dependent),À is the dielectric constantof the medium,
and ¨ÇC is thenumberof point chargeson eachcoredisk. In equation(13) we have introducedthenotation�n� A �ÈT � A �z��� T to denotethedistancebetweenthecentersof the F{^	` and«�^	` particles.Similarly, thedistance
betweenthecenterof the F ^	` particleandthe r ^	` chargeonparticle«�GUBDC is denotedby � �*Å A ªnÆ �¤T ¬ A ªC ����� T ;
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andthedistancebetweenthe r ^	` chargeon particle FÉGOBDC andthe
o ^	` chargeon particle «�GOBDC is denoted

by � Åk� ªnÆ Å A E Æ �ÈT ¬ � ªC � ¬ A EC T .
The first term in equation(13) is dueto linker/linker interactions,andthesummationis over all pairs

of linker beads.Thesummationin thesecondtermis over all linker/corepairsandin thelasttermover all
core/corepairs.

Excluded Volume

It is necessaryto includeanexcludedvolumetermin thecalculationof thepotentialto avoid theoverlapof
positiveandnegativecharges.Werepresenttheexcludedvolumepotential,

� �
, asthesumof Lennard-Jones

potentialsarisingfrom linker/corepair interactionsandfrom core/corepair interactionsas:� � � r��_��r t u   µS¶�·�]¥�¦_¼�» A ¥�¦ §�ÊË �
§ ª ¡
� � � �� �	Å A ªnÆ �

�{� � � � �� �*Å A ªDÆ �ÉÌ-ÍÎ .r��_��r t u   µS¶�·�]» A ¥<¦ §�ÊË �
§ ª ¡
� �

§  E ¡
� � � �� Åk� ªnÆ Å A E Æ �
�{� � � � �� Åk� ªnÆ Å A E Æ �ÉÌ�ÍÎ 6 (14)

Thetermsin equation(14) have a shallow minimumof value � r �Q� r2tauvR�4 at a separationbetweencharges
of
� �kÏ Ì � , where� and r#�Q� aretheparametersdescribingtheLennard-Jonesinteractions.
The excludedvolumeparameters(seeTable1) arechosento ensurethat particlesdo not overlapone

anotherover thecourseof a simulation.It is not necessaryto includea linker/linker excludedvolumeterm
becausetheelectrostaticrepulsionbetweenDNA segmentsprovessufficient to preventoverlap.

Calculation of Forces

Thesystematicforceactingon the F_^	` particleis obtainedfrom thegradientof thepotentialenergy function
takenwith respectto thepositionof theparticle:Ð � � �vÑ�Ò · N � � . � � . � t�. � � . � � P (15)

or Ð ��� Ð �� . Ð �� . Ð t� . Ð �� . Ð �� 6 (16)

Detailsof thecalculationsaregivenbelow.

Stretching

Theforcedueto thestretchingpotentialis expressedasÐ�Ó� � � p NkÔ � � Ô �]���-P b (17)

where Ô � �ÖÕ N o �g� o � P � � for F�G×BDEN o �g� o � P �%dgeWf� for F�G×BDC . (18)
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Twisting

A changein thepositionof the F{^	` particleeffectsachangein thetorsions
N�h �]�%� . j �]�%�DP , N�h �]��� . j �]���-P andN�h �&. j � P . Thetorsionalforceon the F ^	` particlecanbeexpressedas:Ð �� � w o � N]Ø �%.ZÙD�g� Ø �]���a�VÙD�]��� P b (19)

wherethevectors
Ø � and ÙD� aregivenbyØ � � JL MÛÚ¹Ü · �WÝ ·�ÞE · ß(à ) N i � R � P �²�! #" h � � �
�O"('*) h � � ��, for F[GUBDEÚ¹Ü · �WÝ ·�ÞE · ß(à ) N i � R � PXá �! #" h � � d
e%f� �O"('	) h � � d
eWf� â for F[GUBDC (20)

and Ù ��� JL MãÚäÜ ·�åæº �WÝ ·�åæºkÞE · ß(à ) N i �]��� R � P �²�! #" j �]��� � �%.ç"('	) j �]��� � �*, for F[G�BDEÚäÜ · �WÝ ·]ÞE · ß(à ) N i �� R � PXá �! #" j �� � d
eWf� .è"('	) j �� � d
e%f� â for F[G�BDC . (21)

For theenddisks,
Ø
é b Ù é b Ø � b Ù � �ê? .

Bending

Theforcedueto thebendingpotentialis expressedas:Ð t� � � £ N�ë �g� ë �]���
.çìv�
�Oìv����� P (22)

wherethe
ë � and ìv� aregivenasfollows:ë � � JKL KM i � N�� �	�
� � � � �! #" i �_PSR N o � "('*) i �QP for F b F . : GUBDEi � N�� ��	�
� � � �<�! #" i � PSR N o �#"('*) i � P for F . : G×BDCi � N�� �	�
�[� �&d
e%f� �! #" i � PSR N o ��"('*) i � P for F\GUBDC (23)

and ìv� � JKL KM i �]��� N�� �]��� � � � �! #" i �]����PSR N o � "('*) i �]����P for F b F � : G�BDEi �]��� N��&d
e%f�]��� � � �<�! #" i �]��� PSR N o �#"-'	) i �]��� P for F � : GUBDCi �� N�� �� � �&d
eWf� �! #" i �� PSR N o � "('	) i �� P for F\G×B C . (24)

For theenddisks,
ë é b ì é b ë � b ì � �>? .

Electrostatics

Theelectrostaticforce,
Ð �� , actingon beadF is givenby a sumof forcesdueto pairwiseinteractionsof the

form: Ð �í\î � © í © î ½ �%¾ ±kïgðÀ�ñ �í\î N ° ñ í�î . :�PÉò(ó í � ó îñ í�î ô (25)

where
Ð �í\î representstheforceonbeadF dueto interactionof acharge õ (locatedonbeadF ) with charge ö

(locatedon anotherbead).Thecharges © í and © î arethechargesat positionsó í and ó î , respectively. The
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vectorconnectingposition õ to position ö is givenby ó í � ó î and ñ í�î �ÈT ó í � ó î T is thescalardistance.
Thetotalelectrostaticforceactingona givenbeadis:Ð �� �  í ¥��   î Ï¥�� Ð �í\î b (26)

wherethenotation õ÷GèF denotesthatsummationoccursover all chargesthatareassociatedwith beadF .
Similarly, thenotation ö RGOF denotesthesetof all chargesnot locatedon beadF . Specifically, DNA beads
have only onecharge,positionedat thecenterof thebeadwhile corebeadshave severalchargeslocatedon
thesurfaceof thedisk.

Excluded Volume

Theexcludedvolumeforce,
Ð �� , actingonbeadF is givenby:Ð �� � r#�Q�<r t u�   µ�øù ·A ¥�¦Q§

JL M � C ª ¡
� ÊË : � � � �� �	Å A ªnÆ �
�{ú � ³ � � �� �*Å A ªDÆ ��û(ÍÎ � �*Å A ªnÆ� �	Å A ªnÆýü þÿ (27)

for all F\GUBDE andÐ �� � r �Q� r tau� �   µ�øù ·A ¥�¦_¼
JL M � C ª ¡
� ÊË : � � � �� Åk� ªnÆ A �

�{ú � ³ � � �� Åk� ªnÆ A �Éû-ÍÎ � Åk� ªnÆ A� Åk� ªnÆ A ü þÿ. r#�Q�<r t u� �   µ�øù ·A ¥�¦Q§
JL M � C ª ¡
� � C  E ¡
� ÊË : � � � �� Åk� ªnÆ Å A E Æ �

�{ú � ³ � � �� Åk� ªnÆ Å A E Æ ��û-ÍÎ � Åk� A Æ Å A E Æ� Åk� A Æ Å A E Æýü þÿ (28)

for all F[GUB � . When F is a linker bead(equation(27) theexcludedvolumeforcecomesfrom thesummation
interactionsbetweenparticle F thechargeson thesurfaceof eachcoredisk. When F is a coredisk (equa-
tion (28)), theforcecomesfrom all pairwiseinteractionswith linker beadsandwith othercoreparticles.

Calculation of Torques

WeexpressthesystematictorqueactingonbeadF byavectorof torquesactingin eachof thelocalcoordinate
directions,� � � � ��� · b ��� · b � C · � .
Torque on Linker Beads

The torqueon the linker DNA beadscomesfrom the elastic twisting potentialand actsonly in the
� �

direction: ��� · � � w o � N�� �
� � �]��� P b ��� · �ê? b � C · �ê? b (29)

where
� ��� h � . j � is thetorsionalrotationaboutthesegmentconnectingparticle F and F . : .
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Torque on Core Particles

Thetorqueactingon coreparticlesactsnot only in the
� � direction,but alsoin thedirectionsof the � � and� � local coordinates.Thetotal torqueactingonacoreparticlecanbewrittenasthesumof severalterms:� � � ���� . � �� . � t� b (30)

where � �� is the torqueassociatedwith contributionsto the force
Ð � which arenot appliedat thecenterof

massof theparticle.Additional torques� �� and � t� areassociatedwith thetorsionalandbendingpotentials.
The � �� termis expressedin thefixedlaboratoryreferenceframeasfollows:� ���� �
	���
 �   A�� A � � Ð A� b (31)

wherethesummationis over all contributions
Ð A� to the forceactingon theparticle F�G B C . Thevector � A �

connectsthe centerof the coreparticleto the locationof the actionof the force
Ð A� . For electrostaticand

excludedvolumeforceterms,� A � is givenby thepositionof thechargeonthesurfaceof thecore.For elastic
forcesarisingfrom linker stretching,bending,andtwisting, theforceis directedat � A � � �����Z��� � ���O/1� � �
or � A � � � � �O� � � �� .Y/ � � �� , dependingonwhethertheforce

Ð A� arisesfrom interactionwith theproceeding
or preceedingsegment.Thetorquecanbeprojectedontothelocal frameusing:���� · � � � | � ���� �
	���
 b ���� · � � � | � ���� �
	���
 b ���C · � � � | � ���� �
	���
 6 (32)

Theadditionaltorqueassociatedwith thetorsionalpotentialis expressedin thelaboratoryframeas:� � �� �
	���
 � ñ � h � . j � , � dgeWf� � ñ � h �]��� . j �]��� , � �� �ñ N�h �7. j � P ß(à ) N i �� R � P+á � d
eWf� "('*) h �� . � d
e%f� �! #" h �� â .ñ N�h �����
. j �]��� P ß(à ) N i �]��� R � P á�� � �� "-'	) j �]���ý. � �� �! #" j �]��� âab (33)

which is convertedto thelocal frameusing� �� · � � � | � � �� �
	���
 b � �� · � � � | � � �� �
	���
 b � �C · � � � | � � �� �
	���
 6 (34)

Thetorqueassociatedwith thebendingpotential,expressedin thelocal frame,is� t� · � £ ò i �]���%"('	)X$��"('*) i �]��� N�� �]��� |�� �_P ô� t� · � £ � � i ��"('	) i �� N�� d
eWf� |�� � P � i �����%�! #"%$��"('	) i ����� N�� �]��� |�� � P �� tC · � £ � i ��"-'	) i �� N�� d
e%f� |�� � P . i �]���"('	) i �]��� N�� �]��� |n� ���! #"W$��\� � �]��� | � ��"('	)X$�� P �
(35)
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Hydrodynamic Interactions

For hydrodynamicpurposes,coreparticlesaretreatedasspheres,andthe rotationalfrictional coefficients
arebeexpressedas: Ù � · � Ù � · � Ù C · �>8������ ú����� � b (36)

where� ����� � is thehydrodynamicradiusof thecoreparticle.For thelinkerbeads,Ù � · is therotationalfriction
coefficientof DNA andcanbeexpressedas: Ù � · �54���� � �` o � b (37)

where � ` � :<6 � nm is thehydrodynamicradiusof DNA. Sincerotationoccursonly aboutthe
� � axis for

linker beads,Ù � · and Ù C · areeffectively infinite.

Translational hydrodynamics

Themovementsof thevariouscomponentsof thechromatinsystemarecoupledto oneanotherthroughthe
actionof theviscousmedium. This viscouscouplingis approximatedby incorporatingtheconfiguration-
dependenthydrodynamicfriction tensorinto thethedynamicequations,asoutlinedbelow.

Sincethe beadsusedto representthe coreparticlesare larger thanthoseusedto representthe linker
DNA (seebelow), thehydrodynamicinteractiontensorfor nonidenticalsubunits, � , givenby Garciaand
Bloomfield [6] canbe usedto calculatethe frictional interactiontensor. The diffusion tensorusedin the
Browniandynamicsalgorithm(seebelow) is proportionalto � :� � r t u � 6 (38)

For this ¨ -beadsystem,� is the x<¨ � x<¨ matrixwrittenas:

� � Ê����Ë
� �S� � �{� |D|D| � � �� ��� � �S� |D|D| � � �...

...
...� � � � � � |D|D|!� �\�

Í#""""Î b (39)

whereeach� � A is a x � x matrix representingtheinteractionbetweenthe F_^	` and «�^	` beads.Each � � A can
becalculatedfrom [6]:

� � A � JKKKL KKKM
$ :³���� � �&%(' for F � « (samebead),� :8���� ��� A � � � ' . � � A � � � A� �� A � . N � �� . � �A P� �� A � :x ' � � � A � � � A� �� A �X� for F*)� « (differentbeads),

(40)

where ' is the x � x identity matrix, � � is thebeadradius,and � is the viscosityof thesurroundingfluid.
We usea touching-beadmodel for the linker DNA, andthusset the linker beadhydrodynamicradiusto� � � o � R � � :<6 q nm for FXG BDE . Thecoreparticleis treatedasa sphericalbeadfor hydrodynamicpurposes.
Yao et al. (1990)measurethe translationaldiffusion coefficient of a coreparticle(octamerandwrapped
DNA) to beabout x 69=0�ç:D? ��� cm

�
sec

���
. This allows usto calculateaneffective hydrodynamicradiusof� � � q 6y? nmfor F[GUB C particleusingtherelation:+ �>r t u�R<³����,� � 6 (41)
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We remarkthatthevolumeof thesphericalbeadwith this radiusis nearlyequalto thevolumeof a disk of
radius6 nmandwidth 5 nm.

TheBrowniandynamics(BD) algorithm[7] requiresobtainingtheCholesky factorization,� �.-/- � ,
where- is a lower triangularmatrix. Theentriesthematrix - aregivenby:

o � A � JKKL KKM �10 �ä�g�32 �]���ª ¡
� o �� A � �kÏc� if F � « ,�10 � A �42 A ���ª ¡
� o � ª o A ª � R o A�A if F � « ,? if F � « . (42)

An alternative to the Cholesky factorizationof � is to computethe randomforce vectorasan expansion
in termsof Chebyshev polynomials[8]. Our recentapplicationof this alternative showed reductionin
computationalcomplexity (roughlyfrom a cubicto quadraticdependenceon systemsize),but thebenefits
arerealizedonmuchlargersystemsthanusedhere[9].

Numerical Methods

A givenconformationfor an ¨ -beadsystemis specifiedby thesetof ¨ localcoordinatesystems,
��� î� , � î� ,� î� � , andthe positionvector � î , wherethe superscriptö denotesquantitiesassociatedwith the difference

equationsat time ö ��� (
��� � timestep), andthevector � î G65 ú � is thecollective positionvectorlisting

thethreeCartesiancomponentsof eachvector � î� in turn.

Rotational Transformations

To simulationthe dynamicsof the systemwe usea modifiedBD method[7] (seebelow) which involves
translatingandrotatingtheparticlesin thesystemby discretesteps.Rotationof anorthogonalcoordinate
systemat a constantangularvelocity over a finite time stepinvolves a transformationgovernedby the
following systemof lineardifferentialequations:

7� ���98 C · � � � 8 � · � �7� � �98 � · � �g� 8 C · � �7� � �98 � · � �W� 8 � · � � (43)

where
� 8 � · b 8 � · b 8 C · � arethethreecomponentsof theangularvelocity.

We define : � � N 8 � · � . 8 � · � . 8 C · � P �kÏc� andnote that equation(43) hasconstantcoefficients for a
constantrateof angularrotationandhastheexactsolution:� � N � . � � P[�<; � N�� � N � P b � � N � P b � � N � P1=>8 � · b 8 � · b 8 C · = � � P� � N � . � � Pa��; � N�� � N � P b � � N � P b � � N � P1=>8 � · b 8 � · b 8 C · = � � P� � N � . ��� P[��; C N�� � N � P b � � N � P b � � N � P1=>8 � · b 8 � · b 8 C · = � � P (44)

where
� �

is thefinite timestepandtherotationoperators,;@? , £BA , and £BC , aredefinedasfollows:;@? � � N 8 � · � . 8 C · � P �! #" : � ��� . 8 � · �: �� � � � N � P . � 8 � · 8 � ·: �� N : �O�! #" : � � � P . 8 C ·: � "('	) : � � � � � � N � P
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. � 8 � · 8 C ·: �� N : �O�! #" : � ��� P � 8 � ·: � "('	) : � � � � � � N � P; A � � 8 � · 8 � ·: �� N : �Z�! #" : � � � P � 8 C ·: � "('	) : � � � � � � N � P . � N 8 � · � . 8 C · � P �! #" : � � � . 8 � · �: �� � � � N � P. � 8 � · 8 C ·: �� N : �O�! #" : � � � P . 8 � ·: � "('	) : � � � � � � N � P; C � � 8 � · 8 C ·: �� N : �Z�! #" : � � � P . 8 � ·: � "('	) : � � � � � � N � P . � 8 � · 8 C ·: �� N : �O�! #" : � � � P � 8 � ·: � "('	) : � � � � � � N � P. � N 8 � · � . 8 � · � P �! #" : � � � . 8 C · �: �� � � � N � P�6 (45)

Brownian Dynamics Algorithm

We modify the second-orderBD algorithm of Iniestaand Garciade la Torre [10] for translationaland
rotationalmotionsasfollows:

1. A first-orderestimateof therotationalandtranslationalconfigurationupdateis made.Therotational
updateis calculatedby: �ED î » F� · � � �Ù � · � � î� · . � î¿HG · ��ED î » F� · � � �Ù � · � � î� · . � î¿JI · ��ED î » FC · � � �Ù C · � � îC · . � î¿ § · � b (46)

where
� �ED î » F� · ,

�ED î » F� · ,
�ED î » FC · � denotefinite rotationsof the F th particleaboutits local coordinate

system
��� î� , � î� , � î� � . The randomtorquesarechosefrom zero-meanGaussiandistributions with

variance K � î¿HG · � í¿HG ·HL � � r t u Ù � ·HM î�íK � î¿ I · � í¿ I · L � � r t u Ù � · M î�íK � î¿ § · � í¿ § · L � � r t u Ù C ·�M î�í b (47)

where M î�í is the Kroneker delta. Using equations(44) and(45) we rotatethe the local coordinate
systemsaccordingto:N� î �
�S» F� �O; � � � î� b � î� b � î� = D î » F� · R � � b D î » F� · R � � b D î » FC · R � � = � � �N� î �
�S» F� �O; � � � î� b � î� b � î� = D î » F� · R � � b D î » F� · R � � b D î » FC · R � � = � � �N� î �
�S» F� ��; C � �7î� b � î� b � î� = D î » F� · R � � b D î » F� · R ��� b D î » FC · R � � = � � � 6 (48)

The asterisksuperscriptagaindenotesherethe first-orderestimate. The tilde notationis usedto
specify that theseestimatesof the coordinateaxes are madebasedon the rotation stepalone. A
furthermodification(describedbelow) of the local coordinateaxesis associatedwith thetranslation
stepdueto theconstraintthattheDNA beadsrotateonly aboutthe

� � axes.
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2. Thefirst-ordertranslationalupdateis givenby:� î �
�S» F � � î . � �r t u � î Ð î .4P î 6 (49)

whereP î denotesarandommovechosenfromaGaussiandistributionwith zeromeanandcovariance
structure,

K N P î P N P í P � L � � � � � î M î�í 6 (50)

Here
� î

is theconfiguration-dependent diffusionmatrixcalculatedfor theconfiguration� î and M î�í
is theKroneker delta.Thevector

Ð î
is thesystematicforceat the ö th timestep.

3. ToenforcetheconstraintthatthelinkerDNA beadsarefreeto rotateonlyaboutthe
� � axes,werecom-

putethelocal coordinatesystemsof theparticlesafterthepositionvector � î �
�S» F hasbeencalculated.
Namely, for all linker beads,wecalculate

� � accordingto its definitionin equation(1):

� î �
�S» F� � JKKKKL KKKKM
N � î �
�S» F�	�
� �O� î �
�S» F� PSR%T � î �
�S» F���
� �Z� î �
�S» F� T for F . : GUBDE� î �
�S» F�	�
� �V��� N � î �
�S» F�	�
� �! #"%$��\� � î �
�S» F�	�
� "-'	)H$�� P .Y/1� � î �
�S» F�	�
� �O� î �
�S» F�T � î �
�S» F�	�
� �V��� N � î �
�S» F�	�
� �! #"%$��\� � î �
�S» F�	�
� "-'	)H$�� P .Y/1� � î �
�S» F�	�
� �O� î �
�S» F� T for F . : GUBDC

(51)
We thendefine M � F� � � î �
�S» F� � N� î �
�S» F� . Sincewe requireall rotationsabout

� � to vanish(for the
translationstep),thenew displacementsarecalculated[4]:M � F� � � N M � F� | N� î �
�S» F� P N� î �
�S» F� (52)

andthen �RQ î �
�S» F� � N� î �
�S» F� . M � F� . Then � î �
�S» F� is determinedasthecomponentof �SQ î �
�S» F� perpen-
dicularto

� î �
�S» F� (seeFigure1):

� î �
�S» F� � � Q î �
�S» F� � N � Q î �
�S» F� | � î �
�S» F� P � î �
�S» F�T � Q î �
�S» F� � N � Q î �
�S» F� | � î �
�S» F� P � î �
�S» F� T 6 (53)

Finally, � î �
�S» F� canbecalculatedfrom thecrossproduct:� î �
�S» F� � � î �
�S» F� � � î �
�S» F� 6 (54)

4. Thefirst-orderestimateof theconfigurationattime
N ö . :�P ��� (givenby thepositionvector � î �
�S» F and

thelocalcoordinatesystems
��� î �
�S» F� b � î �
�S» F� b � î �
�S» F� � ) yieldsanestimateof theforcesandtorquesact-

ingattheendof the ö . : timestep.Theseforcesandtorques,denotedby
Ð î �
�S» F±

and
� � î �
�S» F� · b � î �
�S» F� · b � î �
�S» FC · � ,

areusedto constructanexplicit second-ordercoordinateupdate:

Thefinite rotationsaregivenby�ED î � · � ���Ù � · � N � î� · . � î �
�S» F� · PSR � . � î¿HG · ��ED î � · � ���Ù � · � N � î� · . � î �
�S» F� · PSR � . � î¿ I · ��ED î C · � ���Ù C · � N � îC · . � î �
�S» FC · PSR � . � î¿ § · � b (55)
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andthethepositionupdateis givenby:� î �
� � � î . � �� r t u � î N Ð î . Ð î �
�S» F P .3P î 6 (56)

Again,thelocalcoordinatesystemsof theDNA beadsarerotatedaccordingto theprocedureoutlined
in equations(51)-(54).

Setup and Model Parameters

We chosereasonableparametervaluesfrom the literaturewherever possible.Table1 lists the elasticand
geometricparametersusedin themodel.Theelectrostaticparametersdiscussedabove arederivedbasedon
a detailedanalysisof thesolvatedcoreparticle[11]. A reasonablyacceptedvaluefor the twisting energy
constantis

w � x 6y?U� :D? ���{� erg | nm [12], which correspondsto a twisting persistencelengthof about
75 nm. The bendingrigidity constantis calculatedfrom equation(12) basedon thepersistencelengthof
DNA which is sethereto be 50 nm, which yields £ � ³æ69=��5:D? ���{ú erg. This value is consistentwith
recentmeasuresof thenon-electrostaticcontribution to thebendingrigidity (e.g.,thehigh-saltlimit of the
persistencelength)[13].

Excludedvolumeparameters� � , � � , and r#�Q� aretheonly freeparametersusedin themodel. We have
shown [11] that the Debye-Ḧuckel electrostaticpotentialis accurateat distancesof greaterthan1 nm at
the salt concentrationof

wX± � ?´6y? q M. Thussettingthe core/coreexcludedvolumedistanceparameter� � � �
nm, ensuresthat the potentialremainsfairly accurateandthe chargesarenot allowed to overlap.

The linker/coredistanceparameteris set to � � � x nm, to accountfor the approximateradiusof double
helicalDNA.
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